UDC 539, 4

THE AXIALLY SYMMETRIC TEMPERATURE PROBLEM
FOR THE SPACE WITH A DISK-SHAPED CRACK

PMM Vol, 36, N¢1, 1972, pp.117-124
V.Z. PARTON
( Moscow)
(Received October 19, 1971)

One obtains an analytic solution for the axially quasistationary temperature prob-
lem of fracture mechanics for the space with a disk-shaped crack, The solution
is constructed for an arbitrary time interval of the action of the load, as opposed
to [1] where an asymptotics has been obtained only for small intervals of time,

The investigation of the growth mechanism of a crack under the conditions of
a jump-like change of temperature has a great importance for the creation of
the theoretical foundations of electric welding and for the evaluation of the rig-
idity of welded seams and joints,

1, We consider the axially symmetric state of stress of the unbounded space with a
disk-shaped crack (circular in plane) (Fig. 1), We assume that at the part of the surface
of the crack (r << a) a temperature T,

- T
r : A\ 2 arises at the initial instant, which remains
: : \ (i constant in the sequel,
z ] \| a T The problem of the determination of
{ : \‘\\'\ o the axially symmetric temperature field
; 1y | AN reduces to solving the heat conduction
: . \\\\ equation [2]
Pl e 2 2
[ ( i} 1 0 0 T_
07 H { 7 A —3r~2+78r+6z2)
i 1 aT
~0637 H i —TT=O (1'1)
7 N %05 in the domain z >0 with the following
\\\\- 1! e boundary conditions;
) \ -t
) T(r,0,5)=T,(t), r<a
\ t/“: 00
\ \:\1\’*'_ > or
-5 IR 737::020’ r>a (1.2)
Fig, 1. , )
We rewrite (1,1), (1.2) by applying the
Laplace-Carson transform with respect to time
o 1 9 o P e
(or ++ 5 + ) I T* =0 (1.3)
or*

=0, r>a (1.4)

=0

T* (T, 0’p): TO* (P): r< a; 3z

The solution of (1,3), which is bounded at infinity, can be represented in the form
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oo _1/2 ——
T*(r,5) = B(@) (a2 + -2 "oxp (3 Vo — 2\ nde (1.5)
0
In order to satisfy conditions (1,4), we obtain for the determination of B (@) the dual
integral equations
S B(a) (a“ + %)— " @r)do =T (), r<a (1.6)

0
©

SB(a)Jo(ar)da=O, r>a
0

We seek the solution of (1, 6) in the form
a

B(a) = 9 ¢)sinatdt 4 Qysinaa (1.7)

Here @ (5) is the unknown function and (), is some constant to be determined,
Taking into account the value of the integral [3]

¢ E<r
S Jo (or) sin akdo = { (&8 — roy, £ (1.8)

we can see that (1, 7) satisfies identically the second of the dual equations (1,6), Substi-
tuting (1, 7) into the first of the equations (1, 6) and interchanging the order of integrat-
ion, we obtain

oo

2@ Jor) (0 + )" sinat dadt +

+ Qo

SL"38 cen

To@n)(of + L) "sincada =Ty* (), r<e  (19)

We differentiate (1, 9) with respect to r and we write this expression in the following
form;

i%dg Scp(g)g [1-—a a? 4 = )_ }rJl(ar)smagdocdg—l—

a
=1/, .
+QOS[1—a at + -2) /]Jl(ar)smocada, r<a (1.10)
0
For the derivation of the last equality we have made use of the known result [3]

o ~1(p8 2\ .
Sfl(ar)sinagda={§’ (r2 —E%h, E<

0 E>r
Considering (1,10) as Schlom1lch s equation [4], we find its solution in the form
¢ ) = —S(P(’)S [1 — a(az + ;’ )_1/]5111 av sin of dadv 4-

+72r0°§°[1 —a (o + L) sinoasinotdx (1.11)
[}
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Thus, for the determination of ¢ (§) we have obtained a Fredholm integral equation
of the second kind with a symmetric kernel, In order to find an approximate solution of
this equation we make use of the following approximation:

t—a(e+ {—)_‘/zz AL (a4 52 )" (1.12)

This sort of ideas, related with the construction of approximate solutions as a result
of the approximation of the kernel, has been developed by Koiter [51,
In Fig, 2 we have represented the function ¥ € =1—8 (1 + 8% (a =
= £V p/x) (Curve 1) and its approxima-

1o W 3 tions for different values of A, and b®.
\ ; The curves 2-—4 correspond to
08 0.5
\&—z 2—y®=grom
N4 0.5
be \\\\ S—y®)=w@xos
. 0.5
o \ i—yE)= E2 0.5
\ For the validity of this approxiamtion for
02 S p — oo we will take in what follows
Ay = b® = Y3 (Curve 4). Making use of
0 r 7 3 (1,12) we obtain an approximate expression

for the k 1of Eq, (1.11
F\ig. 2. or the kernel of Eq, ( )

oo

S [1 —a (a2 4 2¢%) ] sinat sin of do =¢* S (a2 + g tsinat sinaf dou=
0

0

1 1 _ p
= —-nig sh (og) exp (———u-)—grq) , (q_ —27) (1.13)
o= {<t0="1E>T

Thus, Eq, (1,11) obtains the form

a 1.14
&) =4¢ [e"ﬁq §cp (1) sh(vg) d7 + sh(Eq) § ? (v) €987 + Qoe*sh (&q)] , (a<1
The solution of:1.14), satisfying the condition @ (0) = 0 is obtained in the form
0@ = Tt (1.15)
Substituting (1.15) into (1,7), we find
By~ 133'1; § Esinatdt + Q,sinaa (1.16)

0
We determine the distribution of the temperature in the plane by the formula (1, 5) and

by making use of the expression (1,16)
[-J

T* (r, 0) = S B () (a? + 2¢%) Ty (ar) dot == 13‘?; Qgg (o -+ 2g% T (ar) X
o 0

0
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3

x sinalt dadk+ Qo \ (a2 4 2¢2)- J, (ar) sinaa do =

EP(r,B)dt + Q,P (r, a) (1.47)

S 0 oo

‘I

Here
(e <]

P(r,t) = (@* + 2% J, (ar) sin of da (1.18)
0
For the computation of the last integral we consider the expression

de(gy £) .___S (@ + 2¢%):a, (ar) cos af dov=

0
j [1 — o (@ 4 2¢%"] J, (ar) cosokda - A (F* — B3 (1.19)
0

LEZr
A={ma>r

Introducing the approximation (1,12) for 4, = b = 1/; into the first term of (1,19)
we have @
P00 4 Ty o) cosa da 4 — B =

0

= — g%, (rg) — Ag[sh €9) | ch (rg cos ¥) dp +

ST

g8
+ ch (Eg) {sh (rgcos @) dp — - (* — 8] (1.20)

(B = arccosE/r)
Integrating the last equality with respect to & and taking into account that P (r, 0)=
= (., we obtain

P(r,))y~—5Jo(rg)e¥a—
B g
—A [ch (&) S ch (rq cos ¢) dp — sh (§q) S sh (rg cos ¢) dcp] (1.21)

Substituting (1,21) into (1,17) and performing some transformations, we find
By

T*(r, 0) ~ %q_ [-’2‘— A+ (1 —hy) 1 — (1 — ) agesa | e-racos °dcp] (1.22)

0

. a a _(hr<a
Y = arcsin—, B, = arccos —, xl_{o,r>a

From the equality (1,22) it follows that

Qo = — (1 + aq) To* (p) (1.23)

Thus, the resultant expression for 7'* (r, 0, p) has the form
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8, (1.24)
T* (1,0, p) = = Tg* (7) |5} + (4 —h) 7 — (1 — Ay) agesa| e cosed)]
0
If To* (p) = T4 = const, then, returning to the original in (1,24), we obtain

T(r,0,%) = %TO{%M A=Ay —

Sy S‘exp[ e (- cos @ — 1)7] o} (1.25)

(t* = a7V 2nt)

2, We proceed now to the determination of the state of stress of the unbounded space,
situated under the action of the temperature field (1,25), It is known [2], that in the
quasistationary case the elastic potential (D satisfies the equation

ik 1 9 92
V2O =ml, V=5 + 5~ + 57 (2.1)
Here
R i
m=1_y%r

and ag is the coefficient of linear expansion,
The displacements and the stresses in the space are determined by the formulas

u° = ad/or, w® = a0z (2.2)
ey 1 oD
5 = — ZG( e ) —26 22 araz (2.3)

From the symmetry of the state of stress it follows that T,, = 0 for z = 0, and there-
fore the solution of Eq, (2,1) must satisfy the condition

o0

37 lrmo — 0 (2.4)
Taking into account (1. 5) and (2,4), we find
@y (r,z,p) = ——\ B (o) [a~tez — (a? - 2q2)-‘/ze-’(°"+2q’)‘1/"] Jo(ar)yda (2.5)

Making use of the expression (2, 5), we determine the normal stresses o

z=20

in the plane
@ (r,0,p) = — 2Gm —K aB (o) [1 — o (o2 + 2g%)"k} J, (ar) da  (2.6)

Making use of the approxiamtion (1,12), we transform (2. 6) into the form

o (r,0, p) =~ — Gm{ @ (a? 4 g% B (o) Ty (ar) dot = 2-T* (p) Gm

S8

x[ng LB a4 (1t ag) S ] @.7)
0

Here we have denoted
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S(r,k) = _f (@2 4- ¢?)1 T, (ar) cos akda (2.8)
0
One can prove that
BED L el (rg) +
8 g8
4+ [ch (1)) S ch(rgcos 9)dp — sh (§g) S sh (rq cos @) dq>] (2.9

Substituting (2, 9) into (2, 7) and performug the necessary transformations, we obtain the
final expression for the normal stress o5 (r, 0, p)

o (r,0, p) = — = To* () Gm X
. 1
X [FhA U —h)T = —A)agest | (1 — ooy themeda]  (2.00)
alr
3, We consider in the plane z = () of the unbounded space a circular slit of radius

o (Ts > a). We construct the axially symmetric state of stress, satisfying the following
conditions:

0 =0, z2=10 (3.1)
o =_—6® ;=0 r<<ry; w®=0, 2=0, r>r, (3.2)

We determine the components of the given state of stress in terms of the Love function
with the formulas [6]

26 o
k3 [(1 —VVi— ](Pl

( ) _ 2G d

! - le—vv— azz]q’x (3.3)

w) —

1——2v [2(1—")V2 azz]q’l

Here @ is a biharmonic function which can be represented in the form
= { (C(@) + D(@)yaz) e=a (or) de (3.4)
0
Making use of the condition (3,1), we obtain

C (a) = 2vD (a) (3.5)
Imposing the conditions (3, 2), we arrive at the dual equations

faDi@Jyonda = — 21226000, r<n (36)
1]

i Dy (@) Jo(ar)da =0, r>ro (Dy(x)=a?D(a))

The solution of the dual equations (3,6) is known [7], Therefore we bring the final result
in the determination of the normal stresses 0% in the plane z = 0
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3
) &1 4 d
(1 (r O p) - _d__ S Elp (E) E.t 6 _ {ry r < re (3.7)

—2v r

Vri—g’ " ro, 7 >0
Here
pE=— LAz (o0 .
- - S S (3.8)

0
1 . . . . .
For the stresses oﬁ,’, which appears outside the circle r = r,,we obtain, according to
(3.7), the expression

0 6 Y 6 € @
(r’Op) 1—2'\’ V,.z__,i + 1—2\78 .V‘mi r>r0>a (3'9)
0

Substituting (2, 10) into the formula (3, 8), we find

«IJ(E)=—(—2—) ol Y0 ){——g+x°[a(1+aq)§ L

4
— ag?e? § VE—4? S e~"9 08 @ ¢os cpdcpdn]} , A=
0

0
( = arccosa/n)

Obviously, the solution of the formulated problem can be represented in the form of
the sum of the two-states of stress considered above, so that in the limiting case the
stress intensity factor at the top of the disk-shaped slit is

Kic=1lmV2a(r—r,) [o <1’(r0p)+o‘°’(r,0p1—( )V —To*(p)Gmx

r—7y

To
b4 — d " 1) B
[~ Fro+al V=R n“qeqs Vr:m—nzs”“md“)} (8.11)

IfT,* (p) = T, = const,then, returning in (3,11) to the original,we obtain

LZ_L[_1+§ T
1

7 VX 2 2—1 =z
A A
1 zdz _ (zeosg 1)1 4 (3.12)
T V:‘c§ V;Tz:_zseXp[ o
= ia"_ , T — 4ncaVmT K1tG, = arccos —1—

In Fig, 1 we have represented in dimensionless coordinates, according to (3,12), the
length of the crack as a function of temperature (corresponding to the loads in these
problems) at different times, It turns out that for every value ¢* there exists some crit-
ical value A = A;* of the ratio between the length of the crack and the length of the
thermal "filling”, for which the infinite stresses are absent at the end of the crack (the
vertical asymptote corresponds to the case K; = 0).Only in the case A>>A;* does there
occur a growth of the crack, having a Griffith character, We note that for ¢* >0 the
curves of this dependence tend sufficiently fast to the common asymptotic line (1* =
=0, o), practically running together with it already for /* = 10. For A — oo we have
a — 0, which corresponds to the instantaneous pointwise application of the temperature
T — 2x-1)7"2, For A <C A;* compression stresses arise and the growth of the crack does
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not take place, In Fig, 3 we have represented the limiting length of the crack as func-
tion of time for T = const . For each
specific value of the temperature, the
specification of the initial crack length

Ao < A;® will insure prevention of fracture
for an arbitrary time range of service of
parts with a crack under the conditions of
such loading,
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